UCSD ECE 45 Preparedness Test Solutions

1. A complex number z can be written in rectangular form as z = a+ jb or in phasor form
as z = |z|£0. To convert between these different forms, we have the relationships:

a = |z|cosf

b=|z|sinf
and
|z| = Va? + b?
b
tan(0) = —
an(0) "
So we have:

) r= V42 +4 =42 and 0 = 45°

) r=+/32+02=3and § = 0°

(¢) 7= /07 +(=2)* = 2 and 6 = 270°
)

(d) r=+/(—12)2 + 32 = 3\/17 and 6 = 165.96°

2. Tt is usually easier to add/subtract complex numbers in rectangular form and to mul-
tiply /divide them in phasor form. For complex numbers z; = a + jb = |21|£6; and
29 = ¢+ jd = |z3|Z£0, we have:

znt+z=a+jb+c+jd=(a+c)+jb+d)
21—z =a+jb—(c+jd)=(a—c)+jb—d)
21k 29 = |21||22|4(91 —|—(92>

Z1 |Zl‘ )

2 2,

21 ‘22‘
Also, for a complex number z = a + jb = |z|£60, the complex conjugate z* is given by
2 =a—jb=|z|£-0

So we have:



(a) (4+35)—(2—6j) =2+9j = /85L77.47°

(b) (14 25)(4+65) = (v/5£63.4°)(2v/13456.3°) = 2¢/65/119.7°

(c) (1+27)(4—65) = (v/5£63.4°)(2/134 — 56.3°) = 2/65£7.1°
(2+4j5)  2v5£6343° 2 .

O 67 = Vool — a0 — yi2ss
(14+2j)+(3+45) 4+65  22+35) .

o G B R S s 1 B

(£) ((1+25)(2+3§))" = ((v5£63.4°)(v/13£56.3°))* = (v/65£119.7°)*
=65/ — 119.7°

3. To show (a), note that cos(-x) = cos(x) and sin(-x) = -sin(x) and plug in Euler’s for-
mula:

et + e cos(x) + jsin(x) + cos(—x) + jsin(—x)
2 2

_ cos(x) + jsin(z) + cos(x) — jsin(x) = cos(x)
2

Similarly, to show (b):

et —e I cos(x) + jsin(zx) — cos(—x) — jsin(—z)
2 2y

_ cos(a) + jsin(z) — cos(a) + jsin(@) _ .0y
2j

4. For these problems, we can use the representations of sine and cosine found in the
previous problem.

. . . o . °
ejt Te jt e](2t+90 ) e 7(2¢4+90°)

(a) f(t) =1+ cos(t) + sin(2t +90°) =1 + 5 + 2]

We can simplify this further by noting that /% = j and e7%" = —j:

Jt —jt j2t ,j90° —52t ,—590°
f(t):1+%+62 +€2€' € 26'
J J
et emdt g2t o—j2t
=14 — 4+ — 4+ —
/) * 2 * 2 * 2 * 2

(b) First we use the trigonometric identity cos?(2t) = ws(éﬁ. Using this, we find:

cos(4t) + 1 eIt 4 4t

oIt _ =33t
f(t) = === + sin(31) = — S

2j

+
N | —
+



o4t =it g3t g3t

4 4+2j 2]

Alternately, we can just use the complex representation of sine and cosine:

ei2t 4 o2t , eIt _ omd3t it ] 4] il Bt _ i3t

t — =
1 it oAt it =Bt
= -4+ — c
=5+t %5~

As can be seen, both of these solution methods give the same answer (as we
would expect).

5. First, let’s redraw this circuit in the phasor domain. Doing so, we find the circuit:

1
ko T Jexl0%107

Y, ! -
jo % 10%1073

Next, we simplify the circuit to the form below by finding the equivalent impedances
Zl and ZQ.

Z1

Vi




We find Z; by noting that the horizontal 5k(2 resistor is in series with the 10mF ca-

pacitor:

1
7y = S
1= 5000+ jw * 10 % 1073

Now we find Z; by noting that the vertical 5k resistor is in parallel with the series
combination of the 10mF capacitor and the 10mH inductor:

Zy = 1 . -3

With these two impedances, we can find Vo:

2
Vo=Vig——
Z+ Zy

(a) For v;(t) = cos(100t), we have:

ZQZ

(romeiorma=s +J100 % 10 % 107%) % 5000

(—j + ) *5000

1
7100%10%1

Therefore, V, =0 so V,(t) =0

(b) For v;(t) = cos(10%), we have:

ZQZ

5 + 7100 % 10 % 10-3 + 5000

(Giowstterg=s +10° 10+ 10°%) 5000

—j 4+ +5000

(—j % 107* + j % 10%) % 5000

eeis + 4100 % 10 % 109 + 5000

N j* 5% 107 7 x50000
T %104 +5000 5+ 410

And

1
Zy = 5000 ~ 5000
! +j>|<106>x<10>x<10*3

Therefore we have

j%50000

V. A 54410 ] * 50000

—7 % 10=% + 5 * 10* + 5000

2 j2+8

V00 5000~ 25000+ 5+ 100000 1+ g4 17

5+510



Thus we find our final answer by taking the phasor V, and converting back to the

time domain to find

2
V,(t) = —1—73in(106t) + %003(10615)

(¢) As w — oo, capacitors begin to look like shorts while inductors begin to look like
open circuits. As a result, the circuit appears like a voltage divider between the
two 5kQ resistors. Therefore we find V, — £ so we have V,(t) — 3cos(wt).

6. The easiest way to analyze this circuit is to use superposition. First, examine the

contribution of the voltage source.

The voltage source has a frequency of w; = 1. Based on this frequency, we have the

following circuit in the phasor domain:

The inductor is in parallel with the vertical 1 ohm resistor. These two in parallel have

the equivalent impedance:

1%y j

SRR ET RS

Using this equivalent impedance, we can simplify the circuit further to:

—w |

|
1,
-.5j
Vo

Now, we can find V;,, the component of V, due to the voltage source, using voltage

division:



Zog o5 T _o J __ 2%
Zeg+t1l =41 14j+j 1+2

‘/;),1):2

We can simplify this further by multiplying by the complex conjugate:

O 2(1-2j) 244 2j+4
T (142))(1—2)) 144 5

Now, we find the contribution to V,(¢) from the voltage source in the time domain
(recalling the frequency of the voltage source was w; = 1) by transforming from the
phasor domain back into the time domain:

Voul(t) = %cos(t) — gsm(t)

After analyzing the contribution to V, from the voltage source, we must consider the
current source. The current source has a frequency of wy = 2. Based on this frequency,
we have the following circuit in the phasor domain:
o o
! i - -25)

di |
2] Vo

+

The two resistors are in parallel with the inductor. We can combine these to find an
equivalent impedance of:
1 1. 27 +25+1

1
Zeq:(I+I+2—j)1:( 2

_ %
1445

)1
Multiplying by the complex conjugate, we find

O 2j(1—4j) 8+2j
T (1+45)(1 —45) 17

This gives the circuit:



8+2j
17

Since no current flows through the rightmost capacitor, the contribution to V, from
the current source, V,; is found as:

8+2j _8-15  —-15-8

Voi=—j(—J+ Zeg) = —j(—j + T )=—J T T

With this we find the contribution in the time domain due to the current source (recall
that the frequency wy = 2):

1
Voilt) = —Ticos(%) + %32’11(275)

The total V,(t) is the sum of the contribution from the voltage source and the contri-
bution from the current source, so:

4 2 15 8 |
Vo(t) = Voult) + Vou(t) = gcos(t) - gsm(t) — 1—7003(2t) + 1—78m(2t)

. To find these summations, we need to use the relation
N N+1
o 1—a
In the special case where |a| < 1, we have
o0
1
Sre
1—a

n=0

as a® — 0. So we have:

@ =1 o - g
(1) Sy =y =2



[e.9] (e 9] 1

) 23 =30-GMN =3 G) - =51 -V =361

n=1 n= n=0 3

8. To solve these problems, we need to use the following rules for exponents:

In(Ik) — xn+k

So we have:
(a) 2*(2%) = a®
(b) Tt 1/2 45

9. To solve these problems, we need to use the following log rules:

logn(a) + logy (b) = logn (ab)
logn(a) — logn (b) = logn(a/b)
logn(a*) = k x log(a)
logn(N) =1

Nlogn(a) —

So we have:

(a) logio(5) + l0g10(3) = log1p(15) — x =15

(b) logs(3) — logs(5) = logs(3/5) — = = 3/5

(c) In(6%) = 8In(6) — = =8

(d) logio(x) =5 — 1090 = 105 — 1 = 10°

(¢) In(3) = <>—Hx—lz)

(f) In(z®) = 3In(z) =7 = In(z) = 7/3 — "@) =g = £7/3

10. (a) [ COS( t)dt = sin(t) + ¢
(b) [ cos(t)dt = sin(t) — sin(0) = sin(t)



(€) J 2dw=5 [t =sin(le]) +c
(d) [e"dx=e"+c

. jz -
(e) [el*dx = = —jelr + ¢
J

(f) For this integral, we need to first notice that the answer is a function of t. Also,

z(1)el” =

{ejT -3<71<3

0 else

So from —oo <t < —3, we have ffoo 0dr =0

From —3 < t < 3 we have ffoo z(T)e’Tdr = ffS eTdr = ejt_]—efﬁ = —j(eft — e773)

Lastly from 3 < t < oo we have [*_ 2(r)e/"dr = ffB eITdr = —j(e¥ — =)

0 —00 <t < —3
Therefore our final solution is [*__x(7)ei"dr = { —j(e’ —e™3) -3 <t<3
—j(e¥ —e™¥)  3<t< oo
2 2 2
y g2, —e T, —e -1 1—-e?
(&) Jywedr ===l ==~ 5 =5

(h) To compute this integral, we need to use the partial fractions technique. We want
to find A and B such that

20+ 4 A B

G+3)@+d) 243 zt4

This gives us the equation
20 +4=A(x+4)+ Bz + 3)
We can find A by evaluating this equation at x = -3:
2(-3)+4=A(-3+4) - A=-2
We can find B by evaluating this equation at x = -4:
2(-4)+4=B(-4+3) > B =14
So now we can rewrite our integrand as

2v +4 -2 4

@13 @+d) 743 z+4

This gives us:

y 20+ 4 vy =2 ¥y 4
2 _ (2 __“ 2
) e Rl e R Sy

= —2In(ly/2+3|) +2In(| —y/2+ 3]) + 4n(|ly/2 + 4]) — 4n(| — y/2 +4])

9



11. The graphs are shown below:

(a) y(t - 2):
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(b) 2y(2t —2):
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